ON LINEAR SYSTEMS OF CURVES ON RATIONAL 

SCROLLS 

ANTONIO LAFACE 

Abstract. In this paper we prove a conjecture on the dimension 
of linear systems, with base points of multiplicity 2 and 3, on an 
Hirzebruck surface. 



1. Introduction 

Consider r points in general position on an algebraic surface S, to each 
one of these points pi we associate a natural number m ; called the 
multiplicity of the point. Let rj be the number of pi with multiplicity 
rrii and let £ be the complete linear system associated to the line bundle 
L G Pic(S') By £(mi ri , • • • , mk rk ) we mean the linear system of curves 
in C with rj general base points of multiplicity at least rrij for j = 
1 • • • k. Now, define the effective dimension of the system to be: 

l(mi n , ■ ■ ■ ,m k rk ) = dim£(mi ri , • ■ ■ ,m k rk ), 

and the virtual dimension to be: 



vimi ^ * * * ,m k 



dim£ — rj- 



Observe that it may happen that v < —1, in this case v does not 
represent the dimension of a linear system and instead of it we may 
define the expected dimension e = maxjti, —1}. From the previous 
definitions it follows immediately that for a given system we have: 

(1) v<e<l. 

Let Z be the O-dimensional scheme defined by the multiple points Pi 
and consider the exact sequence of sheaves: 

-> X{Z) -> O s -> O z ^ 



Key words and phrases, linear systems, rational surfaces, degeneration, special 
systems. 
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where T(Z) is the ideal sheaf of Z. Tensoring with L and taking coho- 
mology we obtain: 

->■ H°(L <g> X(Z)) -> #°(L) -> F°(L Z ) ->■ 

H\L®T(Z)) -»■ 0. 
In this way we see that 

(2) h 1 {L®X{Z))-h 1 {L) = Z(mi r V-- , m/*) - «(mi n , • • ■ ,m* r ») 

Observe that the second inequality of (pQ) may be strict since the con- 
ditions imposed by the points may fail to be independent. In this case 
we say that the system is special. The aim of this paper is to give a 
characterization of special systems on rational scrolls and a complete 
classification will be given in the case of homogeneous systems of mul- 
tiplicity < 3. 

The paper is organized as follows: 

In section 2 we give some preliminaries on rational scrolls and linear 
systems on them. Then we give an example of special systems C whose 
base locus contains a particular kind of multiple curves which we will 
call (— l)-curves. This will allow us to make a general conjecture on 
the structure of special linear systems. In section 3 we restrict our 
attention to linear systems with point of equal multiplicity, which we 
call homogeneous. Then we give a classification of homogeneous (—In- 
curves of multiplicity 1. In section 4 we study a class of birational 
transformations from F n — > F n _i which are a natural generalization 
of quadratic transformations on P 2 . In section 5 we give the complete 
list of homogeneous (— l)-special systems with multiplicity m < 3. In 
section 6 we describe the fundamental technique, which consists in a 
degeneration of the F n to a suitable reducible surface. In section 7 we 
prove the conjecture for all homogeneous systems systems with base 
points of multiplicity < 3. 

2. Preliminaries 

Consider an F n surface, i.e. ¥ n = P(C P i © C P i(n)) with n 6 N and 
let F, H be the two generators of Pic(F„) such that F 2 = 0, H 2 = 
n, F ■ H = 1. With T n we indicate the (—n)-curve of F n (i.e. the 
rational curve T n g| H—nF \ of self intersection —n). Let L = aF+bH 
be a divisor, with Bs | L \ we mean the base locus of the linear system 
I L I. 
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Proposition 2.1. On an ¥ n surface, the ample divisors coincide with 
the very ample ones and are of the form aF + bH with a,b > 0. 

Proof. [8, Cap. V, 2.18]: □ 

Proposition 2.2. Let L = aF + bH be an effective divisor on an ¥ n 
surface, then it is linearly equivalent to a divisor of the form: qT n + 
a\F + biH , with Bs | L \— qT n and ai,b\ > 0. 

Proof. Consider the product L-F = b, this must be > since otherwise 
F would be a fixed component of | L |, which is impossible. Now 
consider the product L ■ T n = a, if a < then T n is contained in the 
fixed part of | L |. Now find q,r G N such that —a = qn — r with 
r < n. Observe that (L— (q— 1)E) ■ T n < 0, hence qT n G Bs | L \. Now 
consider the system: | L — qT n \. This is equal to: | aF + bH — qT n \ = \ 
aF + bH + qnF-qH \ = \ rF + (b-q)H \ = \ a x F + b x H |. Yiom L-H > 
we obtain bn + a > which gives bn > qn — r and r > (g — b)n, so 
b > q otherwise r would be a positive multiple of n. Hence both a± and 
b\ are > 0. This implies that Bs | a\F + b\H |= 0. □ 

In order to compute h°(aF + bH) (with a, b > 0) we need the following 
proposition: 

Proposition 2.3. Let aF + bH be a divisor on an F n surface such that 
a > and b > — 1, then: 

h 1 (aF + bH) = h° (aF + bH) = (b + l)(2a + 2 + nb)/2. 

Proof. Consider the exact sequence: 

0^O ¥n (-F)^O ¥n ^O F ^0, 

tensoring with Of n (aF + bH) we obtain surjective maps for each a G Z: 

>H l ((a- 1)F + bH) -+ H\aF + bH) -+ 0. 

Again from the sequence: 

-> ¥n (~H) -> ¥n ^O H ^0, 

tensoring with ¥n (bH), with b > 0, we obtain: 

> H l ((b- 1)H) -+ H\bH) -+ 0. 

Now h l (-H) = since H^OfJ = and the map H (O ¥n ) H (O H ) 
is an isomorphism, hence h l (aF + bH) = 0. 

By Riemann-Roch and the preceding discussion, it follows that h°(aF+ 
bH) = ((aF + bH) 2 -(aF + bH)-K)/2 + l = (b+l)(2a + 2 + nb)/2. □ 
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Let C n (a,b,mi ri , ■ ■ ■ ,mk rk ) denote the linear system | aF + bH | on 
the F n surface with base points of multiplicity By a generality 
assumption, we may suppose that no one of these points lies on the 
(— n)-curve T n , hence, by 12.21 we are lead to consider only systems with 
a,b > 0. 

In what follows we will assume that our r points on F n will be in 
general position; this means that we choose the points in such a way 
that each linear systems with these simple base points in non- special. 
The scheme that parameterize such points is a Zariski open set of the 
scheme that parameterize r points on an F„ surface (this is why we use 
the word "generic"). 



Proposition 2.4. A linear system C on an¥ n surface, with base points 
of multiplicity one and in general position, is non-special. 

Under the assumption of general position we consider a particular class 
of special system, obtained in the following way: 

Consider the blow up S of F„ at p%, . . . , p r and denote by £ the strict 
transform of the system C n (a, b, m/ 1 , • ■ ■ , m^). Define the virtual 
and the expected dimension of C as those of C n (a, b, m 1 ri , • ■ ■ , mk k ). 
By Riemann-Roch, the virtual dimension of £ may be given in the 
following way: 

C 2 -C-K s 

m = — ^ — ' 

where K$ denote the canonical bundle of S. We recall that E is a 
(— l)-curve on 5* if E is irreducible and E 2 = E ■ K$ = — 1. Suppose 
that C ■ E = — t < 0, then tE is contained in the fixed part of C Let 
M. = C — tE be the residual system, then: 

. r . C 2 -C- K s (M+tE) 2 -(M+tE)-K s t-t 2 
v{£) = = = v(M) + 

So if t > 2 and £ is not empty, then 1(C) = l(M) > v(M) > v(C), 
which means that the system £ is special. 

If t — 1, then t>(£) = v(A4), but it may happen that M. ■ V n < 0. 
In this case the (— n)-curve T n is contained in the fixed part of £ and 
the system may again be special. For example consider the system 
£ 6 (0,4,3 n ), this has expected dimension equal to —1. Consider the 
(-l)-curve E = £ 6 (2, 1, l 11 ), then C ■ E = — 1. The system £ - E = 
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Cq(— 2, 3, 2 11 ) has again a fixed part, since it has negative product with 
the (— n)-curve. The residual system is £ — E — T n = £ 6 (4, 2, 2 11 ), and 
this is exactly 2E, hence £ = T n + 3E and the initial system is not 
empty. 

Given a linear system £, consider the following procedure: 

1) if it does exist a (— l)-curve E such that t :— £ ■ E < 0, then 
substitute £ with £ — tE and goto step 1), else goto step 2). 

2) if £ ■ T n < then substitute £ with £ — T n and goto step 1), 
else finish. 

After this procedure, that must obviously ends in a finite number of 
steps, we have a new linear system M.: 

Definition 2.5. A linear system £ is (—1) -special if v(£) > v(M) 

For linear systems on P 2 a conjecture due to Hirschowitz says that 
the only special systems are the (— l)-special ones. Reformulating this 
conjecture on F n surfaces we have: 

Conjecture 2.6. A linear system £ n (a, b, mi ri , • • • ,mk Vk ) is special if 
and only if it is (— l)-special. 

If mi = ■ ■ ■ Tiik = m the system is called homogeneous of multiplicity 
m. The aim of this paper is to prove the conjecture for homogeneous 
systems with m < 3. This conjecture may be easily proved in the 
following case: 

Proposition 2.7. The conjecture is true on an ¥ n surface if the num- 
ber r of points is less then or equal to n + 3. 

Proof. It is enough to prove the conjecture when r = n + 3, so from 
now on all the sums are intended to be over the n + 3 points. 
Let 7r : S — > ¥ n be the blow-up map and observe that — K$ = N + A, 
where N := 7T*{^T n + H + 2E) -J2iEi and A := 7i*{^T n ). Moreover 
N is a nef and big divisor. 

Given a non-empty linear system £ which is not (— l)-special, we may 
always assume that it does not have negative product with any (— 1)- 
curve and with it*T n . What we want to prove in this case is that 
h\L) = 0. 

Let L be the line bundle associated to the proper transform of the 
system £ on the blow-up surface S. If C is an irreducible curve such 
that L ■ C < 0, then C is contained in the fixed part of £ and C 2 < 0. 
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This means that 2g(C)-2 = C 2 +C-K s < 0, which implies that g(C) = 
and C 2 equal —1 or —2. By hypothesis C 2 can not be a (— l)-curve so 
that it has to be a (— 2)-curve. From = C ■ (N + A) and the fact that 
N is nef we deduce that C ■ A = so that C- (tt* (H + 2F) - £\ E t ) = 0. 
The last equality implies that C ■ {^*(H + F) — ^ Ei) < which is 
a contradiction since tc*(H + F) — ^i^i * s a ( — l)-curve, so that it is 
irreducible and distinct from C. 

We proved that L is nef so that N + L is nef and big. We conclude 
by observing that L = K s + (L - K s ) = K s + (L + N) + A, so that 
h}{L) = 0, by KawamataViehweg vanishing theorem (see [1C)1 Theorem 
9.1.18]). □ 

3. (-l)-CURVES 

In what follow, with abuse of language, we call (—1)- curve also the 
curves of F n whose strict transform is a (— l)-curve on the blow up 
surface S. In order for E G C n (a,b,m r ) to be a (— l)-curve, we must 
have: 

E 2 = -1 
E-K = -1 



(3) 



(4) 



which leads to the system: 

2ab + nb 2 — rm 2 + 1 = 
2a + nb + 2b — rm — 1=0 

By eliminating a, we obtain 

(5) 2b 2 — rmb — b + rm 2 — 1 = 0. 

This is the equation of an irreducible conic in the coordinates b, r for 
m > 1. For m > 1, observe that r = 0, b = 1 is an integral solution of 
(j3j), hence we obtain a rational parameterization which gives us all the 
rational solutions of (jSJ). Let b = rt + 1 where t = p/q with p, g G Z 
and gcd(p, g) = 1, substituting in (jSJ) we obtain: 

m 2 p + q p pirn 2 — m) + 3q 

b = r = . 

mp — 2q q pm — 2q 

Now we look for integral solutions, from the expression of r it follows 
that q | m(m — 1) because p and q are coprime and q | p(m 2 — m) + 3g. 
This allows us to calculate all the possible values of q and also all the 
integral solutions of (j4j) for a given m. 

For m = 1, 26 2 — rb — b + r — 1 = (6— 1) (26 + 1 — r). 6 = 1 gives 
the solution: C n (e, 1, i 2e +™+ 1 ). If r = 26+ 1 substituting in the second 
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equation of (pEJ) we obtain a = (2 — nb)/2, which is negative unless one 
has either ft < 2 or n = 0. If n = then a = 1 and the system is 
£ (1,5, l 2fe+1 ) which is the same as C (b, 1, 1 26+1 ) since on F , F and 
i7 have the same properties, so this system is already contained in 
C n {e,l,l 2e+n+1 ). If n > the systems are: £ n (l,0,l), £ 2 (0,1,1 3 ), 
£i(0, 2, l 5 ). Also £ 2 (0, 1, l 3 ) is contained in £ n (e, 1, l 2 ^^ 1 ). These 
are all the homogeneous (— l)-curves with multiplicity one: 



£i(0,2,l 5 ) £ W (1,0,1) £n(e,l,l 2e+ " +1 ) 

4. Elementary Transformations 

In this section we consider a well known class of birational transforma- 
tions from an F n surface to an F n _i: the elementary transformation. 
These transformations have two good properties for our scope: 

• The virtual dimension of linear systems are preserved through 
any such transformation. 

• The (— l)-curves goes into (— l)-curves. 

Sometimes one has also the following: 

• The effective dimension of linear systems is preserved. 

These transformations, allow us in some cases, to translate the problem 
of homogeneous linear systems on F n to a problem of quasi - homoge- 
neous linear systems on P 2 . 

In order to understand the action of such transformations on linear 
systems, consider a surface ¥ n and a point p not on the (— n)-curve. 
Blow up the fiber through p and then blow down the strict transform 
of the fiber. Consider the system: £ n (a,b,m) with only one singular 
point p. Let m be the blow up of p with exceptional divisor E. Let 
H n , F n , H n _i, F n _i be the generators of Pic(F n ) and Pic(F n _i) re- 
spectively, with Hf = i, Hi ■ Fi = 1, Ff = with i 6 {n — l,n}. Let 
F be the strict transform of the fiber F n through the point p and let 
H = 7ilH n . Now let 7T2 be the blow down of F, we obtain: 

TT{H n = H, 7r*F n = E + F, 7r*H n _ x = H - E, it* 2 F n _ x = E + F 

The strict transform of a curve belonging to the system C n (a, b, m) is 
avr*F n + bit\H n - mE = a(F + E) + bH - mE = (a - m + b){E + F) + 
b(H-E)-(b-m)F = (a-m + b)7T^F n ^ 1 + b^H n ^ 1 -(b~m)F. After 
blowing down it becomes £ n _i(a — m + b, b, b — m). Observe that if 
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b > m then in the last system the point of multiplicity b — m belongs 
to the 1 — n curve. This gives the following transformation for k < n 
points: 

(6) £ n (a, b, m r ) -»■ £ n _ fc (a + k(b -m),b, m n ~ k , (b - mf) 

It is a simple calculation to verify that the virtual dimension of such 
systems is the same. If C is a (— l)-curve of ¥ n through r points, after 
an elementary transformation (with center in one of the r points), the 
self-intersection and the genus of the new curve through r — 1 points 
are the same, hence these transformations preserve (— l)-curves. 

Now we are able to prove the conjecture in the following cases: 

Proposition 4.1. The system C n (a, b, m r ) with b < m + 1 is special if 
and only if it is (—l)-special. 

Proof. By 12.71 we need to consider only systems with more than n + 1 
points. We distinguish three cases: 

• b < m. In this case, since C n (a,b,m r ) ■ £ n (l,0, 1) = b — m < 0, 
then the fibers F through the singular points are fixed components of 
£ n (a,b,m r ). Let k = m — b, the system consists of a fixed part and 
of the residual system C n {a — kr,m — k, (m — k) r ). If b < m — 2 and 
the residual system is not empty, then the system is (— l)-special. If 
b = m — 1 then the residual system is C n (a — r, m — 1, (m — l) r ). In 
the last system we have b = m — k, so we need only to study the case 
b — m. 

• b = m. By making a sequence of n — 1 elementary transformations 
we obtain the system C±(a, m, m r ~ n+l ). Blowing down the (— l)-curve 
of Fi we obtain the quasi-homogeneous system on P 2 : £ P 2(a + m- 
a,m r ~ n+1 ), which is special if and only if it is (— l)-special (see [21 
Proposition 6.2]) 

• b — m + 1. Consider the system C n (a, m + 1, m r ), after n — 1 ele- 
mentary transformations, the system becomes C±(a + n — l,m + 1,- 
m r ~ n+1 , l n_1 ), with the n — 1 points belonging to the (— l)-curve. This 
system may be again transformed by blowing up two points outside 
the (— l)-curve and blowing down the two fibers through these points. 
In this way we obtain the system C\(a + n — m, m + 1, m r ~ n ~ 1 , l n+1 ) 
with the n + 1 points belonging to a section of self intersection 1. 
Blowing down the (— l)-curve we obtain the plane system £ P 2(a + n + 
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1, a + n — m, m r ~ n ~ 1 , l n+1 ) where the n + 1 points belong to a line R. 
Now we distinguish two cases, according to the fact that the system 
S = Cp2(a + n + l,a + n — m, m r ~ n ~ l ) is special or not. 
If S is special then, as shown in [21 Proposition 6.4], it is (— l)-special. 
This means that the initial system is (— l)-special. 
If S is non-special, but C^(a + n + 1, a + n — m,m r ~ n ~ 1 ,l n+1 ) is 
special, this means that this last system contains the line R through 
the gj's points, otherwise these (generic) points of the line, will im- 
pose independent conditions on the curves of S. This means than 
h°(S — ^H =0 qi) = h°(S), hence we have the following exact sequence: 

-> H°(S\ R ) -> H\S - R) -> H\S) H\S lR ) • • • 

If /i 1 (iS — R) 7^ 0, then S — R is special and hence (— l)-special (by [2J 
Proposition 6.4]). This imply that also S is (— l)-special. 
If h\S - R) = then /i°(<S| R ) = and this happen iff degS\ R < 0, 
which means that n + 1 > deg S. This can not happen since deg S = 
a + n + 1. □ 



5. (-I)-Special Systems 

A (— l)-special homogeneous system C may contain a (— l)-curve A 
which is not homogeneous. In this case it must contain also all the 
(— l)-curves A, obtained from A by a permutation of the base points. 
No two of the Ai can meet, because if two (— l)-curves on a rational 
surface meet, their union moves in a linear system, and so the union 
cannot be part of the fixed divisor of C. Let Pi, • • • ,p r be the base 
points of the linear system, since the Picard group of S has rank r + 2 
there can be at most r + 1 of these disjoint (— l)-curves. On the other 
hand let ki = #{pi \ fJ> Pi (A) = hi}, where ^ Pi (A) is the multiplicity of 
A at the point Pi which may be also 0. In this way we have Yli=i k% — r 
and the number of distinct Ai through the r points is: r\/(k\\ ■ ■ -k s \). 

Lemma 5.1. Let r, s, ki G N such that Yli=i ^ = r > then k\\ • • • k s \ < 
(r-s + 1)! 

Proof. By hypothesis one has: r — s + 1 = 1 + 52i=i(^» ~~ -0- Define 
s = 1 and s t — 1 + Yui=i$i ~ -0 ^ or * — i ' observe that 

St+l 

n j > 
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because on the left side of the inequality there are kt+i — 1 terms which 
are greater then or equal to those on the right side (on this side the 
terms are k t+1 but the first is 1 and does not give contribution in the 
product). Taking products on t we obtain the thesis. □ 

From the preceding lemma we obtain the following: 
(7) > . 

The right side is a polynomial P s (r) in r of degree s — 1, it is easy to 
prove that P s (r) > r + 1 for r > s > 3. If s = 1 we have P±(r) = 1 
and the system A is homogeneous through the r points. If s — 2 then 
P 2 {r) = r. In this case, the left hand of[7]is a binomial coefficient: Q" J. 
A simple calculation shows that (2) < r + 1 unless r < 3, but in this 
case A; 2 < 1. In the other cases we have J > ( 2 ) for 2 < hi < [r/2]. 
So we may assume that k\ = 1 and k<i = r — \. In this case the 
(— l)-curves are of type C n (a, b, m^mj" 1 ). Consider two of them with 
multiplicity nil at two different points, Pi and Pk and call them Ai and 
Afc respectively. The conditions A, • = if z 7^ k and Af = —1 give 
us mi = m2 ± 1. For our purposes we need only to consider those with 
Tn% < 1 (since they must be contained twice in the base locus of the 
linear system to give a (—1) special system). So we have two possibil- 
ities: 

• mi = and ni2 = 1, in this case the system must have multiplicity 
at least 2r, since it contains all these curves as fixed components twice. 
From m > 2r, if m < 3 we obtain r = 1. 

• mi = 1 and ni2 = 0, in this case there are no restriction on the 
multiplicity of the system. We call such systems compound. 



Proposition 5.2. All homogeneous (—l)-special systems with multi- 
plicity < 3 on ¥ n are listed in the following table: 

Proof. We consider homogeneous linear systems £(a, b, m r ) which have 
negative products with (— l)-curves. The first product is: 

Ci(a,b,m r ) ■ Ci(0,2,l 5 ) < 0, 

in this case the system is of the form Ci(a,b,m 5 ), with m = 2,3. If 
m = 2, then 2a + 2b — 10 < 0. The left hand of the preceding in- 
equality is an even number which can not be less of —2 (because the 
linear system £i(a,b, 2 5 ) can not contain the system £i(0,2, l 5 ) more 
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Table 1. (— l)-special Systems with m < 3 



System 



£1(0,4,2*) 

£i(0,6,3 5 ) 
£ 5 (1, 4, 3 10 ) 
A(0,4,3 n ) 



-1 

-3 

-1 

-1 

-1 



£ n (2e,2,2 2e+n+1 ) 
C n (e,0,2 r ) 
£ n (4e + n + l,2,3 2e+n+1 ) 
£ n (3e + l,3,3 2e+n+1 ) 
£„(3e,3,3 2e+n+1 ) 



e — 3r e — 2r 



-1 
1 2 
-3 



£n(e,l,3 r ) 
£ n (e,0,3 r ) 



2e + n — 6r + 1 2e + n — 5r + 1 
e — 6r e — 3r 



than twice). This implies that a + b = 4 and that £i(a, 6, m 5 ) = 
2£!(0, 2, l 5 ) + £i(a, 6 — 4). Hence, in order for the system to be not 
empty, it must be 6 > 4. This gives 6 = 4 and a = 0, so the initial 
system is £i(0,4,2 5 ). 

If m = 3, then A (a, 6, 3 5 ) • £i(0, 2, l 5 ) < -1 gives: 2(a + 6) - 15 < -1. 
If the product is equal to —1, then a + b = 7 and the residual system 
is C\(a, 6 — 2, 2 5 ) = £i(a, 5 — a, 2 5 ). This system is empty if a > 3 and 
non-special if a > 2. If the product is equal to —3, then a + b = 6. The 
residual system is £i(a,6 — 6), hence 6 > 6, which implies that 6 = 6 
and a = and the system is £i(0, 6, 3 5 ). 

The second product is: 



If m = 2 then, since the product is equal to 6 — 2, 6 may be equal to 



• If 6 = 0, then the residual system C n (a — 2r, 0) is not empty if 
and only if a > 2r. In this case the initial system is (— l)-special 
or empty. 

• If 6 = 1, then after removing the fixed part, the residual system 
C n (a — r, 1, l r ) is non-special, since it has base points of multi- 
plicity one. 

In this case the initial system is non-special, since the (—In- 
curves have product equal to —1 with the initial system. 



£ n (a, 6, m r ) •£„(!, 0,1) < 0. 



or 1. 
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If m = 3 then, since the product is equal to b — 3, b belong to the set 
{0,1,2}. 

• If b = 0, then the residual system C n (a — 3r, 0) is not empty if 
and only if a > 3r. In this case the initial system is (— l)-special 
or empty. 

• If b — 1, then the residual system C n (a — 2r, 1, l r ) is non-special 
of virtual dimension 2a + n — 5r + 1. Hence the initial system 
is (— l)-special or empty. 

• If b = 2, then the residual system is C n (a — r, 2, 2 r ). This system 
may be (— l)-special, only if it has negative product with some 
of the other (— l)-curves of the F n , hence it is already studied 
in the other cases of the present classification. 

The third product is: 

C n (a, 6, m 2e+n+1 ) ■ C n (e, 1, l 2e +" +1 ) < 

Here we consider only systems with b > m, since the other systems 
where already considered in the preceding case. We begin by consider- 
ing the case m = 2. 

In this case, the product may be equal to —1 or to —2. In the first 
case one has a = e(4 — b) + n(2 — b) + 1 and the residual system is 
C n (a-e,b- l,l 2e+n+1 ). 

• If b — 2 then a = 2e + 1 and the residual system is £„(e + 
1, 1, i 2e+n+1 ). This system is non-special by proposition 12.41 

• If b = 3 then a = e — n + 1 and the residual system is C n (—n + 
1, 2, l 2e+ra+1 ). If n < 1, then by proposition 12.41 the sistem is 
non-special. If n > 2, then the residual system has negative 
product with the — n-curve T n of F n , hence it is equal to T n + 
£ n (l, 1, i 2e+n+1 ). By proposition 12 A\ this system is non special 
of dimension 2— 2e. This means that e < 1. Since a = e—n+1 > 
0, the only possibility with n > 2 is e = 1 and n = 2. In this 
case the initial system is £2(0, 3, 2 5 ), it has virtual dimension 
0, hence it is non- special. 

• If b = 4 then a = —2n + 1 is negative unless n = and in this 
case the residual system is empty. 

• If b > 5 then a is always negative and the system is empty. 

If the product is equal to —2, then a = e(4 — b) + n{2 — b) and the 
residual system is C n (a — 2e, b — 2, 0). 



ON LINEAR SYSTEMS OF CURVES ON RATIONAL SCROLLS 



13 



• If b = 2 then a = 2e and the residual system £ n (0, 0, 0) is not 
empty and the system £ n (2e, 2, 2 2e+n+1 ) is (— l)-special. 

• If b = 3 then a = e — n and the residual system £ n (— e — n, 1, 0) 
is empty 

• If b > 4 then the system is always empty 
Now we consider the case m = 3. 

In this case the product may be equal to —1, —2, —3. In the first case 
a = e(6 — b) + n(3 — b) + 2 and the residual system is £ n (a — e,b — 
I 2 2e + n + 1 ) 

• If b = 3 then a = 3e + 2 and the residual system is C n (2e + 
2, 2, 2 2e+n+1 ). By 14.11 this system is non-special. 

• If b = 4 then a = 2e — n + 2 and the residual system is £ n (e — 
n + 2,3,2 2e+n+1 ). If e-n + 2 > then byOthe system is non- 
special. Ife — n + 2<0 then the system has negative product 
with the -n curve T n . So £ n {e-n + 2, 3, 2 2e+n+1 ) = T n + C n {e + 
2,2,2 2e+n+1 ). Since£ n (e + 2,2,2 2e+n+1 )-£ n (e,l,l 2e+ ™ +1 ) = -e, 
then e < 2 otherwise the system is empty. 

If e = then a = —n + 2 < because we suppose that 
e — n + 2 < 0, hence there is no such a possibility. 
If e = 1 then a = 4 — n and n > 4. This means that n = 4 
and a = 0. This gives the system £ 4 (0, 4,3 7 ). This system is 
equal to £ 4 (1, 1, l 7 )+£ 4 (-l, 3, 2 7 ) = £ 4 (1, 1, l 7 )+£ 4 (-4, 1, 0) + 
£ 4 (3, 2, 2 7 ) Since £ 4 (3, 2, 2 7 ) • £ 4 (1, 1, l 7 ) = -1, the initial sys- 
tem is equal to 2£ 4 (1, 1, l 7 ) + £ 4 (-4, 1, 0) + £ 4 (2, 1, l 7 ). By 
proposition I2.4[ the last residual system is non-special of di- 
mension 2. Since the virtual dimension of the initial system is 
2, the system is non-special. 

If e = 2 then a = 6 — n and n > 5. This means that n may be 
equal to 5 or 6. If n = 5 then £ 5 (1,4,3 10 ) = £ 5 (2, 1, l 10 ) + 
£ 5 (-l,3,2 10 ), this is equal to £ 5 (2,1,1 10 ) + £ 5 (-5,l,0) + 
£ 5 (4,2,2 10 ). Since£ 5 (4,2,2 10 )-£ 5 (2,1,1 10 ) = -2, we have that 
the initial system is equal to 3£ 5 (2, 1, l 10 ) + £ 5 (— 5, 1, 0). The 
virtual dimension of the initial system is —1, hence the system 
is (-l)-special. If n = 6 then £ 6 (0,4,3 n ) = £ 6 (2,l,l n ) + 
C 6 (-2,3,2 n ), this is equal to £ 6 (2, 1, l 11 ) + £ 6 (-6,l,0) + 
£ 5 (4,2,2 n ). Since £ 6 (4,2,2 n ) • £ 6 (2, 1, l 11 ) = -2, we have 
that the initial system is equal to 3£e(2, 1, l 11 ) + £ 6 (— 6, 1, 0). 



14 



ANTONIO LAFACE 



The virtual dimension of the initial system is — 1, hence the 
system is (— l)-special. 

• If b = 5 then a = e — 2n + 2 and the residual system is £„(— 2n + 
2, 4, 2 2e+n+1 ). This system has negative product with the — n- 
curve only if n > 2, otherwise the system is non-special, since 
it does not have negative product with any other (— l)-curve. 
If n — 2 then the residual system £ 2 (— 2, 4, 2 2e+3 ) is equal to 
£ 2 (-2,l,0) + £ 2 (0,3,2 2e+3 ). The last residual system is not 
( — l)-special of virtual dimension 6 — 6e and since a = e — 2 > 0, 
this dimension is negative. Hence the initial system is not (— 1)- 
special. 

• If b = 6 then a = — 3n + 2 and the system is empty. 

If the product is equal to —2, then a = e(6 — b) + n(3 — b) + 1 and the 
residual system is £„(a — 2e, b — 2, i 2e +«+ 1 ). 

• If b = 3 then a = 3e + 1 

• If b = 4 then a = 2e — n+ 1 and the residual system is C n (— n + 
1, 2, l 2 e+n+i). This is equal to T n + £ n (l, 1, l 2 ^^ 1 ). The last 
system has dimension 2 — 2e, hence it is not empty only if 
e = 0, 1. 

• If 6 = 5 then a = e — 2n + 1 and the residual system is £„(— e — 
2n+ 1,2, l 2e+n+1 ). 

If the product is equal to —3, then a = e(6 — b) + n(3 — b) and the 
residual system is C n (a — 3e, b — 3, 0). 

• If 6 = 3 then a = 3e and the system £ n (3e, 3, 3 2e+n+1 ) = 
3£ n (e, 1, l 2e +™ +1 ) is (-l)-special. 

• If b = 4 then a = 2e — n and the residual system £„(— e — n, 1, 0) 
is empty. 

• If b = 5 then a = e — 2n and the residual system £„(— 2e — 
2n, 2,0) is empty. 

• If b = 6 then a = — 3n is negative and there are no such systems. 

□ 



6. Degeneration of F n Surfaces 

Let A be: {z G C| | z |< 1}, consider the product with F n and the 
two projections maps 7Tj. Now blowing up the rational normal curve H 
contained in 7rf 1 (0) we obtain a threefold X and two maps: 
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Let X t = Pi 1 ^), which for t 7^ is F n , while Xo is the union of the 
proper transforms F of F n and of the exceptional divisor F which is 
f(N VnX &\ H ). But N VnX ^\ H = Opi(n) © (Dpi. Hence the exceptional 
divisor is also an F n that intersects the proper transform in a curve Rv 
whose class is H. Let us denote by Rf the curve R when we consider 
it as a divisor on F. To understand the class of Rf in Pic(F) observe 
that (F + F) • F = X • F = X t • F = 0. Hence F • F = -F • F = —Rf. 
Now consider the line bundle F and the two restrictions: F* = —Rf 
and F| F = Rf. If we consider the restrictions of these systems to R 
they must agree, since they come from the same line bundle. So is 
—Rf — Rw — n , which tells us that Rf is the (— n)-curve of F. 

Now consider a linear system | aF + bH | on the generic fiber X t , we 
have: p 2 (aF + bH)^f = aF ' + bH and p* 2 (aF ' + bH)\ ¥ = (a + nb)F. So this 
is not sufficient to generate Pic(F). If we consider the linear system 

X(a, b, k) =| p* 2 (aF + bH) + kf\, 

this restricted to X t gives again | aF + bH |, while restricted to Xo 
gives I aF + {b — k)H | on F and | (a + nb — nk)F + kH \ on F. Now 
consider an homogeneous linear system C = C n (a,b,m r ). We define a 
(k, s)- degeneration by sending s of the r points to F and considering 
the system X(a, b, k)\x with s base points on F and r — s base points 
on F. Now let X = p 2 £, since the map p\ is a flat morphism, by 
semi-continuity is: 

h°(C) = h°(X t ,7r*£) = h°{X t ,X) < h°{X ,X). 

We call C = X\ x o and let / = dim£ - This is the key of the method: 
in order to prove the conjecture for a supposed non special system, one 
proves that v(£) = Iq and this implies that also v(C) = 1(C). 

In order to give a linear system on X , one has to give two linear system 
on F and F which agree on R = F n F. If we call IZf (respectively TZf) 
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the restrictions of £f (respectively £w) to R, then we have the following 
exact sequences: 

> £; > £; > K; > 

— y jCp — y jCy — y — y 0. 
Where £ F and £ F are the kernels of the restrictions to R. So we obtain 



the four systems: 



£f 


= £ n (a, b — t,rrf s ) 




= £n 


[a + n{b — 


t),t,m s ) 




= £ n (a, b — t — 1, m r ~ s ] 




= Cn 


[a + n(6 — 


t+l),t-l,m s ) 



Now, in order to evaluate h°(Xo, C) we must consider the fibered prod- 
uct: 

H°(X Q , C) = H°(¥, C v ) ®ho { r,c) H°(t, C f ), 

which is obtained by taking the sections of H°(W,£ ¥ ) and H° 
whose restrictions to R give the same element of H°(R, £). Hence one 
has: 

l = dim(ft t n K ¥ ) + If + / F + 2. 

In order to evaluate dimiTZfnlZf) , we recall the following lemma proved 
in [21 proposition (6.1)]. 

Lemma 6.1. Let L G Pic(P 1 ), given two vector subspaces: Vi, Vi C 
^(P 1 ,^) which are not transverse, there exists an isomorphism ip of 
P 1 such that ip*V\ is transverse with V2. 

Now, observe that such an isomorphism ip of P 1 may be extended to 
an isomorphism r : F n — > F n such that 71 o r = ip o 71 where tt : F n — > 
P 1 is the projection map. To see this, it is sufficient to consider the 
isomorphism tp as defined between two rational section of the F n and 
to extend it with the identity map on the fibers. 

Remark 6.2. Let v be the virtual dimension of the system £ n (a, b, m r ). 
Let rp = /p — /p — 1 and r F = l F — l v — 1 be the dimensions of the 
restrictions (to R) of the linear systems £ F and £f respectively. Let 
Vf, Vf, Vf, vv be the virtual dimensions of the systems £ F , £f, Cf, £f- 
An easy calculation shows that the following identities hold: 

(i) Vf + v ¥ = v + a + nib - k) 

(ii) v v + w F = Vf + v ¥ = v - 1 

(iii) If r F + rf < a + n{b — k) — 1, then l = If + If + 1. 

(iv) If r F + r F > a + nib — k) — 1, then l = / F + l F — a — n(b — k). 
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7. The Main Theorem 

Now we are ready to prove the main conjecture in the case m — 2, 3. 
We need first a lemma: 

Lemma 7.1. For each r < n + 1, the linear system C n (a,b,m r ) is 
special if and only if it is (—1) -special. 

Proof. This is due to the fact that K$ is nef. □ 

Theorem 7.2. Every special homogeneous system of multiplicity < 3 
on an ¥ n surface, is a (—l)-special system. 

Proof. Multiplicity 2 
The case n — 1 is the same as the case of quasi homogeneous (i.e. 
systems with all except one points of the same multiplicity) systems 
on P 2 , which is completely classified in [2] for multiplicity < 3. For the 
remaining n, we proceed by induction on the number r of points. For 
systems with only one point we proved the thesis in 17.11 By lemma 14.11 
we may consider the linear system C = £ n (a,b,2 r ) with b > 4. First 
consider the case v (£„(a, b, 2 r )) < 0. Performing a (1, s)-degeneration, 
we obtain the four systems: 

£ f = C n (a, b - 1, 2 r ~ s ), C w = C n {a + n(b - 1), 1, 2 s ) 

4 = C n (a, b - 2, 2 r ~ s ), C ¥ = C n (a + nb, 0, 2 s ). 
Step I. We want to find an s such that 

(8) C ¥ = C f = 0. 

Observe that £p is a (— l)-special system of dimension a + nb — 2s, so 
it is empty iff s > (a + nb)/2. There always exists such an s because, 
from the inequalities v (C) < and b > 3 it follows that r > (a + nb)/2. 
A sufficient condition to have C w = is that it is non special and 
v (£-w) — v {£)- This gives s < 2(a + nb — n + l)/3. So s must satisfy: 

a + nb 2 , . 

(9) < s < -(a + nb-n + 1) 

2 3 

A sufficient condition for s to exist is that 2(a + nb — n + l)/3 — 
(a + nb)/2 > 1. Solving the inequality we obtain: n(b — 4) > 2 — a 
which is always true if b > 5 or if b = 4 and a > 2. In the remain- 
ing case, 6 = 4, a = 1 it is again possible to find s = 2n + 1. C ¥ 
may be (— l)-special in only one case (see Proposition 15. 2p with b > 4: 
Cf = C n {2e, 2, 2 2e+n+l ). For e > 4 there are two values of s that satisfy 
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([9]), so we may choose the value for which Cf is non special. In the 
remaining cases (e < 3) v(C) > 0. Now we have chosen s such that Cf 
and Cf are empty and we finish step I. 

Step II. We want to prove that rp + rp < a + n(b — 1) — 1 which by 
[6.2[ iii] ends the proof. Observe that (Proposition [5T2]) Cj is non special 
Cf is non special for b > 4. Then by |6.2[ i], If + lw = a + n(b — 1) + v 
and since v < —1, by |6.2l iii] we finish. 

Suppose now that v (C n (a, b, 2 r )) > and consider again a (l,s)- de- 
generation. In this case we need the regularity of £f and C$ and the 
inequality: 

T§ + r F > a + n(b — 1) — 1. 
So applying f6.2[ i] and |6.2l iv] we prove that Iq = v and we finish. 
Choosing s < (a + nb)/2, then both C ¥ and Cf are not empty and by 
proposition 15.21 for b > 4, £ F and Cf are non special. £f is (— l)-special 
of dimension a + nb — 2s. and l F = 2(a + fen) — n — 3s + 1 and This gives 
= / -• — / -• — 1 = a+bn—n — s. So we have only to check that rf > s — 1. 
If £|. is non special the inequality is true for b > 2. If Cf is (— l)-special 
the only possibility with b > 4 is: C n (a, 6-2, 2 r " s ) = £ n (2e, 2, 2 2e+n+1 ) 
which has dimension 0. In this case £p is non special of dimension 
2e + 3n. So > n + s — 1 iff s < 2e + 2n which is always true. 

Multiplicity 3 

The technique is the same as in the multiplicity 2 case, so we proceed 
again by induction assuming that b > 5 by lemma 14.11 First suppose 
that v(£ n (a, b, 3 r )) < 0. In this case, we make a (2, s)- degeneration, 
obtaining the four systems: 

C f = C n (a, b - 2, 3 r ~ s ), C: = C n {a + n{b - 2), 2, 3 s ) 

4 = C n (a, b - 3, 3 r ^), £ F = C n {a + n{b - 1), 1, 3 s ) 

Step I. We need to find an s that satisfies (JE]). Observe that by l5.2l £ii7 is 
a (— l)-special system of dimension 2(a + nb) — n — 5s + 1. So choosing 
s > (2(a + n6)— n+l)/5, we obtain: £f = 0- It is possible to chose such 
an s since v < and 6 > 5 imply that r > (2a + nb + 2)/2 — 1/6. Now, 
solving the inequality «(.£§) < t>(£) we obtain s < (a + 6n — n + l)/2. 
So we want: 

, , 2(a + nb) — n + 1 a + bn — n + 1 
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A sufficient condition for s to exist is that (a+bn—n+l)/2 — (2(a+nb) — 
n + 1)/5 > 1, which is equivalent to (6 — 3)n + a — 7 > 0. This inequal- 
ity is not satisfied only if b = 5, n = 2 and a < 2, but in these cases 
s = 5 works. If Cf is (-l)-special, then by 15.21 it is one of the follow- 
ing: £ n (4e + 77 + l,2,3 2e+ ™ +1 ), £ n (3e + l, 3, 3 2e+n+1 ), £„(3e, 3, 3 2e +™ +1 ). 

First we try to solve in each case the inequality: (a+bn— n+l)/2— (2(a+ 
nfe) — n + l)/5 > 2. This allow us to chose s in two ways and to avoid 
the (— l)-special case. In the first case we obtain 4e + 3n > 16. This is 
true if e > 3, in the remaining cases, making the explicit calculation, 
there are two values for s. In the second case we have 3e + 3n > 16, 
which is true if e > 4. If e < 3 it is again possible to find two values 
for s except for e = l, n — 2, s = 7 but in this case v(C) = 4. In the 
third case we have 3e + 3n > 17 which is always true for e > 4. In 
the remaining cases the only exceptions are e = l, n = 3, s = 9 and 
e = 2, n — 2, s = 8. But in these cases v(C) = 0. So we may assume 
that also Cf = 0. 

Step II. We want to prove that + r F < a + n{b — 1) — 1 which by 
[6.21 iii] ends the proof. £p is (— l)-special only if Cf = £„(3e, 3, 3 2e + n + 1 ) 
or £p = £„(3e + 1, 3, 3 2e+n+1 ). In the first case If — and £p = 
^n(3(e+n), 2, 3 s ). If £f is not (— l)-special, then vr = 9e+12n — 6s + 2, 
hence lf + lw — From ffTUl) we deduce that % < (9e + 6n — 2)/5 < 
3e + 3n = a+n(6— 2), so the system is empty. If £ F = £„(3(e+n), 2, 3 s ) 
is (— l)-special then it must have dimension 0, so rf + = lw + If = 
< a + n(b — 2) and the system is empty. 

li£f = £„(3e+l,3,3 2e+ri+1 ), then If = 2. If C ¥ = £ n (3(e+n) + l, 2, 3 s ) 
is non special, then Vf = 9e+12n — 6s+5. From s > (2(a+nb)— n+l)/5 
we deduce that If + If = Vf + 2 < (9e + 6ra + l)/5 + 2<3e + 3r?, = a-|- 
n(6 — 2) and the system is empty. If £ F = £„(3(e+n) + l, 2, 3 s ) is (— 1)- 
special then it may have dimension or 2 and again l^ + lf < a+n{b—2) 
and the system is empty. 

So we may assume that Cf is non special. If also £p is non special, 
then l ¥ + If = Vf + v f = a + nib — 2) + v(C) < a + nib — 2) and again 
the result follows. 

£ F may be (— l)-special only if £ F = C n (Ae + n + 1, 2, 3 2e+n+1 ). In this 
case we have a + n(b — 2) = 4e + n + 1 and s = 2e + n + 1. It is 
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easy to prove that we may choose s in two ways in order to avoid the 
(— l)-special case. 

Now we study the case v(C n (a, b, 3 r )) > 0. We perform a (3, s)- 
degeneration, obtaining the systems: 

C ¥ = C n (a, b - 3, 3 r ~ s ), C ¥ = C n (a + n(b - 3), 3, 3 s ) 

4 = C n (a, b - 4, 3 r - s ), C ¥ = C n {a + n(b - 2), 2, 3 s ) 

Now let v = a+n(b-l) + l (mod 2) and let s = (a+n(b-l) + l + u)/2. 
With this choice of s the system C ¥ is empty or (— l)-special with 
v v = — 1 and l v = 0. The system £ F is always non special and 
v f = a + n{b — 3) — 3v. Then r ¥ = a + n(b — 3) — 3u + e where 
e = 1 if the system is (— l)-special, otherwise is 0. 

Observe that v ¥ — v = 3u > 0, hence C§ is not empty. If C ¥ is non 
special and C ¥ = then = v + 3u and r ¥ + r ¥ = a + n(b — 3) + e 
so / = /f + /f — a — — 3) = f . If £p 7^ is non special, then 
7p = v ¥ — v ¥ — 1 = a + n(b — 3) and again we finish. If C ¥ ^ is 
(— l)-special then for all the possibilities we have l ¥ — v ¥ < 5. Hence 
r ¥ > a + n{b — 3) — 5 which gives r ¥ + r F > a + n(b — 3) — 1 which is 
true if a + n(6 — 3) > 8. 

If C ¥ is (— l)-special then it may be only C ¥ = C n (3e + 1, 3, 3 2e+n+1 ). 
In this case choosing s = (a + n(b — 1) + 1 + u)/2 + 1 we have £f = 
and £ F = £„(3e + An + 1, 2, 3 S+1 ) which is non special. Hence r F = 
Vf = 3(e + n — u) — 5. £p = £ n (3e + n + 1, 2, 3 2e+n ) is non special and 
empty. C ¥ = C n (3e + 1,3, 3 2e+ri ) is non special and = 7. Therefore 
rp + Tf = 3(e + n — v) + 2, hence if v = we finish. If v = I then 
£ = £„(3e + 1,6, 3 r ) with r = (7e + 7n + 5)/2 and in this case v = —2, 
a contradiction. □ 
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